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Abstract: Ritz and Galerkin methods play an important role in variational and auxiliary
methods. This is the case in Ritz and Galyorkin’s articles on defining stagnation conditions
with the help of examples. Ritz and Galyorkin prove that the project is equal to each other.
This article examines the stationarity of the Ritz and Galyorkin methods for the Poisson’s
equation.
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INTRODUCTION

The first problems related to calculus of variations arose in the 17th century, and in the
process of solving such problems, this branch of mathematics developed.

Among the "historical” problems of calculus of variations are finding the path of propagation
of light in a non-homogeneous medium (P. Fermat) and what shape should be in order for a
body moving in a circular motion along an axis to meet the least resistance (I .Newton) issues
are included.

Despite the fact that the above-mentioned problems were mainly solved in the 18th century,
calculus of variations was formed as an independent science only thanks to the works of L.
Euler.

The simplest problem of calculus of variations

F(u) :.T@(x,u,u')dx (1.1)

is to find a function that gives the smallest value to the functional is piecewise
differentiable u(a) =A, U(b) = B satisfies the conditions U(X) where is a function @

that is continuous differentiable with respect to its arguments.

ANALYSIS AND RESULTS
Poisson’s equation
o°u o
— +—=0q(x,y),0<x<a,0<y<b 1
PPy q(x,y) y (1)
given It is below
u(0,y)=u(a,y) =u(x,0)=u(x,b) =0 (2)

we solve with the Ritz method in the boundary condition. It is known from the general theory
of variational calculus that the following functional corresponds to the equation (1).
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070 1\ OX oy
The solution of the equation based on the Ritz method
u= ZZa,Jsm—smﬂ (4)
ot b

Looking in the form, the boundary condition is satisfied and (2) takes the following form:

K ) (_” ' —Zauf I q(x, y)Sm—Sm%dxdy (5)

a; ; coefficients (5) from the condition of minimizing the functional, i.e

oF

7zab

F(u)=

i=1 j=1

=0 ,]=12,3,..... 6
8a J (6)
is found from the condition. Based on (5) and (6), &; ; we create the following formula to find .
4 a b . AzX . &
a = o jo IO q(x, y)sm?sm%dxdy 7)
= (B16]
a)\b

found @; ;ones in (4), then the solution (4) is the solution of equation (1) found by the Ritz

method satisfying the boundary conditions (2).
Now we see that equation (1) is solved by the Galyorkin method under the boundary

. i ) . NzX . mry .
conditions (2). If we put the expression (4) in (1), then SIn sin 0 multiply by and
a

integrate over the area under consideration, we get the following equation:

u= ZZAM”. .;=B,, nm=123,... (8)

i=l j=1

here
- \2 -\2 . .
| (i iV . izx . jzy . nzx . mzy
Aq’m’i’j_J‘O J.OKEJ J{Bj }sm _sin= Ssin—=sin—_ dxdy

_raqh . NzX . mry
B m_Io joq(x,y)3|n " sin 0 dxdy

By performing the integration process, & ; we again form the formula for the unknown

(9)

coefficients we are looking for from . So, for the example under consideration, both methods
give the same solution.

Example 1.
62 82

— =2X+Y,
o2 y
0<x<10<y<05
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u(0,y)=u(y)=u(x,0)=u(x,0,5) =0

given

Solving the problem in the Ritz and Galyorkin methods and checking the stability.
MATLAB CODE OF THE PROBLEM:

In the Galyorkin method:

c=0;s=0;

for n=1:2

for m=1:2

forj=1:2

fori=1:2

syms x y

f=((i*pi/2)"2+(j*pi/1)*2)*sin(i*pi*x/2)*sin(j*pi*y/1)*sin(n*pi*x/2)*sin(m*pi*y/1);

k=int(int(f,y,0,0.5),x,0,1);

syms X y

f1=(2*x+y)*sin(i*pi*x/2)*sin(j*pi*y/1);

c=int(int(f1,y,0,0.5),x,0,1);

a(ij)=c/k;

s=s+a(i,j)*sin(i*pi*x/2)*sin(j*pi*y/1);

disp(a(i,j))

disp(s)

end

end

end

end

In the Ritz method

b=0;c=0;s=0;

forj=1:3

fori=1:3

b=4/(pi"2°2*1%((i/2)"2*(/1)"2));

syms x y

f=(2*x+y)*sin(i*pi*x/2)*sin(j*pi*y/1);

c=int(int(fy,0, 0.5), %, 0, 1);

a(ij)=b*c;

disp(a(i,j));

s=s+a(i,j)*sin(i*pi*x/2)*sin(j*pi*y/1);

disp(s)

end
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end
RESULTS:
Galyorkin method:
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4 MATLAB x o+ v - X

&« c @ matlab.mathworks.com G

@B HOME wLors. e PUBLISH FLE VERSIONS ViEw
FaH >
Mew Open Save Run
Hal | -
‘*| untiled m
— 1 &
2
3
: ]
5 O
6
7 if2)~2+(F*pi/1) 2y sin(i*pi*x/2)*sin(J*pi*y/1) *sin(n*pi*x/2)*sin(m*pi*y/1);
8 k=int{int(f,y,0,0.5),x,8,1);
9 syms X
10 fl=(2%x+y) *sin(i*pi*x/2)*sin(J*pi*y/1);
11 c=int(int(f1,y,@,8.5),x,0,1);
12 i
13 s=s+a(i,j)*sin(i*pi*x/2)*sin(j*pi*y/1);
14 disp(a(i,j))
5 disp(s)
16 - end
17 end
18 - end
19 L end
28
21
WMAND WINDOW UTFE CRLF soripi Ln 15 Cal 13
4 MATLAB x  + v - X
&« c @ matlab.mathworks.com

+Space)

@ HOME 5 R FILEVERSIONS Search (

> S H

Mew Open Save | GoTo

m
Gommand Window

g

»>> untitled
©9.209136873155417

(3767474976048661%sin{(pi*x)/2)*sin(pi*y))/18014398509481984
8.127552550063651

(4595564935494539%sin(pi*x)*sin(pi*y))/36028797018963968 + (3767474976848661%sin((pi*x)}/2)*sin(pi*y))/18014398509481984
8.069355500179347

(4595564935494539%sin(pi*x)*sin(pi*y))/36028797018963968 + (3767474976048661*sin((pi*x)/2)*sin(pi*y))/18014398509481984 + (39843675595475*sin((pi*x)/2)*sin(2
8.056993165798815

(4595564935494539%sin(pi*x)*sin(pi*y))/36028797018963968 + (2053395202033665*sin(pi*x)*sin(2*pi*y))/36028797018963968 + (3767474976048661%sin((pi*x)/2)*sin(p
8.246383574112424

(4595564935494539%sin(pi*x)*sin(pi*y))/36028797018963968 + (2053395202033665*sin(pi*x)*sin(2*pi*y))/36028797018963968 + (16411853732680713*sin((pi*x)/2)*sin(
8.150269307834979

(10009587325661225*sin(pi*x)*sin(pi*y))/36028797018963968 + (2053395202033665*sin(pi*x)*sin(2*pi*y))/36028797018963968 + (16411853732600713*sin((pi*x)/2)*sin
8.058870776982154

(1AARGSRTI?TART 225%<inl ni*¥ 1 ¥<inl ni*u ) ) /AAAPRTATAIRAAIOAR + (IASIIASIAIAIIAAScinl ni* w1 % cinl 2¥ni*u ) ) /IAAZRTATATROAGAR + (1AATT1RSITIZAAATI 3*cinl ni*x) /2 %cin ™
3

UTF-8 CRLF script Ln 5 Col 14

Ritz Method:
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4 MATLAB x o+ v - X

&« c @ matlab.mathworks.com G aQ ©

HOME PLOTS 5 R FILE VERSIONS. Sesrch (Cirl+Shifi+Space) b m 4 =

P &

fun

Code Issuss
OpenFies ~
1 isble sppears to change size on every loop
b=4/(pit2%2*1%((i/2)*2%(3/1)°2)); fertion (w2 5anpt) Coneider proallcatig o
speed [Ln 3]
Syms x y
F=(2%x+y) *sin(i*pi*x/2)*sin(§*pi*y/1);
c=int(int(f,y,@, 8.5), %, @, 1);
a(i,3)=b*c;
disp(a(i,3));
s=s+a(i,§)*sin(i*pi=x/2)*sin(G*pi=y/1);
disp(s)
end
end
[F1 Command Windaw
(3900836678846629*sin(pi*x)*sin(pi®y))/72057594037927936 + (462338738567885%sin(pi*x)*sin(2*pi*y))/36028797018963968 +
-1.195341067417791=-04
(3900836678846629*sin(pi*x)*sin(pi*y))/72057594037927936 + (462338738567885*sin(pi*x)*sin(2*pi*y))/36028797018963968 +
> -
»
UTF2 CRLF soript Ln 14 Col 1
4 MATLAB x 4+ v - X

&« c @ matlab.mathworks.com

HOME 5 R FILE VERSIONS. Search (Ciri+Shift+Spacs)

Gommand Window

>> untitled
9.261421091444271

(2354671860038413*sin( (pi*x)/2)*sin(pi®y))/9087199254748992
8.054134983596951
(3900836670846620%sin(pi*x)*sin(pi®y)) /72057594037927936 + (2354671860030413%sin((pi*x)/2)*sin(pi*y))/9807199254740992
-6.454841764056070e - 04
(3990836670846629%sin(pi*x)*sin(pi*y))/72057594037927936 + (2354671860030413%sin((pi*x)/2)*sin(pi®y))/9807199254740992 - (5953540702831711*sin((3*pi=x)/2)*si
8.062550200543539
(3900836670846629%sin(pi*x)*sin(pi*y))/72057594037927936 + (2354671860030413*sin((pi*x)/2)*sin(pi*y))/9007199254740992 + (4507216957757277*sin((pi*x}/2)*sin(
8.012832477818355
(3990836670846629%sin(pi*x)*sin(pi*y))/72057594037927936 + (462338738567885*sin(pi*x)*sin(2*pi*y)) /36028797018963968 + (2354671860030413%sin( (pi*x)/2)*sin(pi
-2.652626114172983e-04
(3980836670846629%sin(pi*x)*sin(pi®y))/72057594837927936 + (462338738567885*sin(pi*x)*sin(2*pi*y)) /36028797018963968 + (2354671860838413%sin( (pi=x)/2)*sin(pi
8.007100325948462

(3900836670846629*sin(pi*x)*sin{pi*y))/72057594037927936 + (462338738567885*sin(pi*x)*sin(2*pi*y))/36828797@18963968 + (23545671868030413*sin((pi*x)/2)*sin(pi~
3

UTF-8 CRLF script Ln 14 Col 1
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